Abstract. We consider a local to global principle for detecting linear dependence of nontorsion points, by reduction maps, in the Mordell-Weil group of an abelian variety defined over a number field.
Introduction.
Let A be an abelian variety of dimension g, defined over a number field F, such that all algebraic endomorphisms of A are over F. For a prime v of good reduction for A we denote by r v : A(F ) −→ A v (κ v ) the reduction homomorphism, where κ v is the residue field. Our main result in this paper is:
Main Theorem. [Thm. 5.1 & Cor. 6.1] In every nonempty isogeny class of abelian varieties over F, there exists an abelian variety A with the following property. Assume that P 0 , P 1 , . . . , P r ∈ A(F ) are points of the Mordell-Weil group, which are nontorsion over the ring of endomorphisms O = End A and such that P 1 , P 2 , . . . , P r are linearly independent over O. Denote by L the subgroup of A(F ) generated by P 1 , P 2 , . . . , P r . If r v (P 0 ) ∈ r v (L) for almost all primes v, then there exist endomorphisms f 1 , f 2 , . . . , f r ∈ O such that P 0 = f 1 P 1 + f 2 P 2 + · · · + f r P r .
For an abelian variety A with O=Z and g = 2, 6 or an odd integer, a stronger criterion for linear dependence was proven in [4] , Theorem 4.2. More generally, if A is an abelian variety with the commutative ring of endomorphisms, then due to a result of Weston cf. [14] , Theorem, the condition r v (P 0 ) ∈ r v (L), for almost all v, implies a relation P 0 ∈ L + A(F ) tors . One should note however, that neither the method of the proof of [4] , Thm. 4.2, nor the proof of Theorem of Weston, seem to extend to abelian varieties with noncommutative rings of endomorphisms.
Our proof of the main theorem is based on techniques of Kummer theory and Galois cohomology developed in papers [3] , [4] and [5] , augmented by an idea used
The research was partially financed by a KBN grant Typeset by A M S-T E X 1 in the proof of Theorem 5.2 of the preprint [10] by Larsen and Schoof. The combination of methods of [3] , [4] , [5] and [10] developed in the present work enabled us to treat the problem of detecting linear dependence by reductions for any abelian variety with no extra assumptions on the ring of endomorphisms nor on the dimension.
In Section 2 we introduce necessary notation and basic definitions of Kummer theory for abelian varieties which was developed by Ribet in [12] . In Section 3, following [10] we discuss the notion of integrally semisimple Galois modules. The proof of the main theorem is contained in Sections 4 and 5. In the last section of the paper we collected few corollaries which the reader may find of independent interest. In particular, using our Lemma 4.1 we strengthened the result of Weston mentioned above, by showing that one can remove the torsion ambiguity from the relation among the points P 0 , P 1 , . . . , P r cf. Corollary 6.2. As another corollary of the method of the proof of the main theorem we obtain the following genaralization of Theorem 8. 
Then there exist endomorphisms f 1 , f 2 , . . . , f r ∈O and torsion points R 1 , R 2 , . . . , R r ∈A(F ) tors such that Q 1 =f 1 P 1 + R 1 , Q 2 =f 2 P 2 + R 2 , . . . , Q r =f r P r + R r .
Kummer theory of abelian varieties.
Notation.
be the representation of the absolute Galois group G F := Gal(F /F ), which is associated with Tate module of A at the prime l. For k ≥ 1, we denote byρ
Consider the long exact sequence in Galois cohomology:
induced by the exact sequence of Galois modules:
The boundary homomorphism δ induces:
By definition of δ (cf. [6] , p. 97), we have:
where P ∈ A(F ), σ ∈ G F and R ∈ A(F ) is a point such that l k R = P. One checks that changing the choice of R changes the cocyle φ (k) (P +l k A(F )) by a coboundary. There are commutative diagrams:
which after passing to the inverse limit over k give a monomorphism:
, by finite generation of A(F ), and we have lim
. Consider the restriction homomorphism in Galois cohomology:
of the embedding H l ∞ ֒→ G F . The fixed point set is taken with respect to the action induced via the exact sequence of profinite groups:
Since H l ∞ acts trivially at T l (A) by definition, we have: Proof. By the inflation-restriction sequence [6] , p. 100:
. On the other hand:
where the last gruop vanishes due to the theorem of Serre [13] , Cor.1, p. 734. Hence, the group ker(res) consists of elements of finite orders. The lemma follows, since the Galois cohomology group H 1 (G F ; T l (A)) is a finitely generated Z l −module.
Definition 2.5. We define the homomorphism:
by the composition of maps (2.2) and (2.3).
Lemma 2.6.
For every prime l: ker φ = A(F ) tors ⊗ Z l . In particular, the group ker φ is finite.
, and let n ∈ N , be such that nP j = 0 for every j.
) and the last module is free, so φ( j P j ⊗ α j ) = 0. Hence, j P j ⊗ α j ∈ kerφ. To finish the proof we apply Lemma 2.4,
We fix a finitely generated O−submodule Λ of A(F ) and points P 1 , P 2 , . . . , P r ∈ Λ which are linearly independent over O and generate Λ. All modules over O considered in this paper are by definition left O−modules. For P ∈ A(F ) and k ∈ N we define the Kummer map:
where
is the restriction map. We define:
For k > 1, the following diagram commutes.
We denote by:
the group homomorphism obtained by passing to the inverse limit. Note that by Definition 2.5 φ P = φ(P ). Let
be defined by the formula:
T l (A) with respect to the l−adic topology. Proof. [4] , Lemma 2.13.
Integrally semisimple G F −modules.
In this section we collect material on integrally semisimple Galois modules following Section 4 of [10] . The main technical result in this section is Proposition 3.6, which generalizes [10] , Lemma 4.5.
Definition 3.1. Let T be a free Z l −module equipped with a continuous action of the Galois group G F and let V = T ⊗ Q l be the associated rational Galois representation. We say that the module T is integrally semisimple, if for every
Let V be a finitely dimensional Q l −vector space with a continuous action of G F such that the associated representation is semisimple. There exists a lattice T ⊂ V which is an integrally semisimple G F −module.
Proof. Without loss of generality we can assume that
Consider the exact sequence of Z l −modules:
Since W 0 is a l−divisible group, the quotient group
is nontorsion, so Q is a free goup, and the exact sequence (3.3) splits. Tensoring by T 1 we obtain the exact sequence of Z l [G F ]-modules:
Observe that the representation V l = T l ⊗ Q l is semisimple, if the module T l is integrally semisiple in the sense of Definition 3.1. Proof. We fix an embedding of F in the field of complex numbers C.
By comparision of singular andétale cohomology we get:
. By the theorem of Faltings [8] , Satz 4 and Bemerkung 2, for every l, the commutant of O l in End(T l (A)) equals the Z l −module generated by matrices from the image of
) is a finitely generated, nontorsion C l −module. On the other hand, for l big enough, C l is a maximal order in C ⊗ Q l . By [7] , Thm. 26.12, it follows that any finitely generated, nontorsion C l −module is projective, if l is big enough. Hence, the exact sequence of Z l [G F ]−modules: 
Then there exists a homomorphism of Z l [G F ]−modules:
N . We will denote:
, by assumption, if α i (m)=0, for every i∈{1, 2, . . . , r}, then β(m)=0. Hence, kerα⊂kerβ and the space W β =M/kerβ ⊗ Q l is the quotient of the linear space W α =M/kerα ⊗ Q l . Let ξ : W α −→ W β denote the quotient map. Since N is integrally semisimple, the
N is also integrally semisimple and there exists a
We denote by π :
By construction, for every m ∈ M we have γ(α(m)) = β(m). To finish the proof it is enough to show that Imγ ⊂ N . Since π (hence γ also) is trivial map at the submodule P , it is enough to show that γ(
Three lemmas.
To simplify notation in this section we put:
Lemma 4.1. Let P 1 , . . . , P r ∈ A(F ) be points which are linearly independent over O = End A and let l be a rational prime. Consider the reduction maps:
at primes v of good reduction for A such that v ∤ l. There exists a set Π of prime ideals of O F , such that Π has positive density and
Proof. The argument is similar to the proof of [4] , Thm. 3.1, see also [5] . Define fields:
and
Consider the following commutative diagram:
where the horizontal maps are induced by Kummer maps Φ, Φ (k+1) , Φ (k) and m ∈ N such that l m T r l ⊂ ImΦ. Such a number m exists by Proposition 2.9. For k ≥ m images of the homomorphisms:
r are isomorphic. Hence, the homomorphism:
is surjective, so: 
Now we repeat Step 4 of the proof of Theorem 3.1 of [4] . Vertical maps in the diagram are natural injections. Let l c i be the order of r v (P i ) ∈ A v (κ v ) l for c i ≥ 0 and i ∈ {1, . . . , r}. The the point
where h is the homothety chosen before. The choice of v implies also that r w ( 
Proof. Consider the short exact sequence of groups:
Tensoring with Z l gives the exact sequence of Z l −modules:
Observe that:
Hence, by the exactness of (4. Let P ∈ A(F ) be a point of infinite order and let k ∈ N. We choose R :
P , where φ 
(1) =⇒ (2) Consider the diagram:
By definition we have:
This together with the commutativity of the diagram (4.6) gives
, so we get r w ′ (R) ∈ A w (κ w ). In particular:
On the other hand:
Hence, F r w (R) − R is in the group A[l k ], at which r w ′ is injective. The equality (4.7) implies F r w (R) = R.
Proof of Main Theorem.
Theorem 5.1. Let A be an abelian variety over a number field F such that O=End F A=End F A. We assume that for all rational primes l the Tate module T l (A) of A is integrally semisimple. Let P 0 , P 1 , . . . , P r ∈ A(F ) be points of the Mordell-Weil group which are nontorsion over the ring O and such that P 1 , P 2 , . . . , P r are linearly idependent over O. Denote by L the subgroup of A(F ) generated by P 1 , P 2 , . . . , P r . If r v (P 0 ) ∈ r v (L) for almost all primes v of F, then P 0 ∈ OL, i.e., there exist endomorphisms
Proof. For a profinite group G and a rational prime l we denote bŷ
Hence, the Kummer map φ of Definition 2.5 induces a homomorphism of
such that the following diagram commutes.
(5.2)
The proof of the theorem falls naturally into two steps. First we deduce the claim of the theorem from an additional condition. Then assuming that the extra condition does not hold, we obtain a contradiction with the assumption of the theorem.
Step 1. Assume that for all rational primes l, all n ∈ N and all σ ∈Ĥ l ∞ :
, be the mapΦ=(φ(P 1 ), . . . ,φ(P r )). We apply Proposition 3.6 to M =ImΦ, N =T l (A) and α 1 =φ(P 1 ), α 2 =φ(P 2 ), . . . , α r =φ(P r ) and β=φ(P 0 ). Proposition 3.6 implies that there is a homomorphism of
. By the theorem of Faltings [8] , Satz 4:
Sinceφ is a homomorphism of Z l −modules we obtain the equality:
a prime in F l k which is over v. Since F r v is the identity in the extension
It follows by Lemma 4.5 that the elements r v (P 1 ), . . . , r v (P r ) are divisible by l n , and that r v (P 0 ) is not l n −divisible in the group A v (κ v ) l . Hence, the orders of r v (P 1 ), . . . , r v (P r ) are divisible by at most l k−n , and the same is true for any element of the subgroup of
generated by these points. On the other hand, the order of r v (P 0 ) in A v (κ v ) l is divisible by at least l k−n+1 . This holds true for infinitely many prime ideals v which we have chosen above. Hence, r v (P 0 ) / ∈ r v (L) for infinitely many v, contrary to the assumption of the theorem.
Corollaries.
Corollary 6.1. In every nonempty isogeny class of abelian varieties over F there exists a variety A for which the conclusion of Theorem 5.1 holds true, i.e., if P 0 , P 1 , . . . , P r ∈ A(F ) are points which are nontorsion over the ring O, and P 1 , P 2 , . . . , P r are linearly idependend over O, and r v (P 0 ) ∈ r v (L) for almost all primes v of F, then P 0 ∈ OL, where L denotes the subgroup of A(F ) generated by P 1 , P 2 , . . . , P r .
Proof. It follows by Theorem 5.1 and Proposition 3.5.
Lemma 4.1 has two immediate corollaries. Corollary 6.2 strengthens a result of Weston [14] , Theorem. Corollary 6.3 gives a different proof of Theorem 4.1 from the paper [11] in the case of a simple abelian variety. 
Proof. Thomas Weston showed that under the assumptions we get the relation: P ∈ L + A(F ) tors cf. [14] , Theorem. We clear the torsion ambiguity in this relation using Lemma 4.1 in the same way as in the first step of the proof of Theorem 5.1. 
for almost all v, by the following: for almost all v, the order of r v (P 0 ) divides orders of r v (P 1 ), r v (P 2 ), . . . , r v (P r ).
Proof. As in
Step 1 of the proof of Theorem 5.1, assuming the condition (5.3), we show that P ∈ OL. Then assuming that the condition (5.3) does not hold, we show that for infinitely many ideals v images of the points P 1 ,. . . , P r by the reduction r v are not
Step 2 of the proof of Theorem 5.1. Hence, the order of r v (P 0 ) does not divide the orders of r v (P i ) for those v, and for 1 ≤ i ≤ r, which contradicts the assumption. Then there exist endomorphisms f 1 , f 2 , . . . , f r ∈O and torsion points R 1 , R 2 , . . . , R r ∈A(F ) tors such that Q 1 =f 1 P 1 + R 1 , Q 2 =f 2 P 2 + R 2 , . . . , Q r =f r P r + R r .
Proof. We describe the changes in the proof Theorem 5.1 which suffice to deduct Corollary 6.5. The condition (5.3) is replaced by: Assume that for all rational primes l, all n ∈ N, all σ ∈Ĥ l ∞ and 1 ≤ i ≤ r: (6.6) ifφ(P i )(σ) ∈ l n T l (A), thenφ(Q i )(σ) ∈ l n T l (A).
In the first step of the proof, we apply Proposition 3.6 to every pair of homomorphismsφ(P j ),φ(Q j ), for 1 ≤ i ≤ r. The first part of Step 1 of the proof of Theorem 5.1 repeats in this case, which shows that Q i = f i P i + R i for f i ∈ O and a torsion point R i . Note that this time we can not remove the torsion ambiguity because Lemma 4.1 does not apply. In the second step of the proof, we assume that the condition (6.6) does not hold, i.e., that there exist a prime l, a natural number n, σ ∈Ĥ l ∞ and 1 ≤ j ≤ r such thatφ(P j )(σ) ∈ l n T l (A) andφ(Q j )(σ) / ∈ l n T l (A). Observe that to get a contradiction with the assumption of the corollary, it is enough to consider the reduction maps r v : A(F ) −→ A v (κ v ) l−torsion . In the same way as in Step 2 of the proof of Theorem 5.1, we find k ≥ n, such that for infinitely many prime ideals v of O F , the order of r v (P j ) is bounded from above by l k−n while the order of r v (Q j ) is bounded from below by l k−n+1 , and A v (κ v ) l = (Z/l k ) 2g . To get the contradiction we take: m j = l k−n and m i = l k , for i = j.
Remark 6.6. We conclude the paper with two naturally arising questions.
(1) Is it posssible to have integers for f i 's in the linear relation of the points in Theorem 5.1 ? (2) Does there exist an abelian variety, defined over a number field, for which the claim of the main theorem of Introduction fails ?
